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1. Choose the -correct answer from the
following : fany six) 1x6=6

(@) Let R[x] be the ring of polynomials
of ring R and let
f(x) a0+a1x+a2x +- +amx"‘ and

g(x) = bo+b1x+b2x2+ +Byx"
If f(x)+g(x)¢0 then

) deg(f(x)+g(x))smax(m,n)
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(b)

(c)

f(x)+g(x)zm
(i) deg(f(x) +g(x)) m+n

(iv) deg(f(x)+ g(x)) 2 max(m,n)

Let S and T be two subrings of a ring
R such that ‘

S+T={s+t:seS, teT}, then

(i) deg

(
(

(i) S+Tis not a subset of R

(i) S+Tis not a subring of R

(i) S+Tis a subring of R

(iv) S+ T may not be a subring of R
Let R and S be two rings such that
Ch(RxS) 0, then- :

() Ch(R)#0 and Ch(S)=0 "
(i) Ch(R)=0 and Ch(S)#0

(i) Ch(R)#0 and Ch(S)=0

() Ch(R)=0 anfi Ch(S)=Q: ‘

where Cﬁai‘acteristio‘ of
R=Ch(R). '
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(e)

(d) Letfisa homomorphism of aring Rin

to a ring R' and S=kerf. Then

() S is not an ideal of R

(i) Sis an ideal of R

(iii) S is an ideal of R’

(iv) S is a subset of R’

Let R be a ring of 2x2 matrices over

A . b
integers. Let O 0 ra,beZ , then

(i) Ais an ideal of R

(ii) A is a left ideal of R
(iii) A is right ideal of R
(iy) A is not a subset of R

() Let us consider a vector space &> (R),

‘and @ ={(a,0):aeR}

o @y ={(O,b) ;'beR}, then

.~ (). @ is a vector subspace of &2 and
@, is not a vector subspace of &2
(i) @ is not a vector subspace of &2
and @, is a vector subspace of R2
(i) o Uaw, is a vector suspace of &2
(iv) @ N, is a vector subspace of &2
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(9)

Let @ be a vector subspace of vector
space R°(R), then

() dimw=0 is not possible“

(i) dimw=1 is not possible

(iii) dimco= 2 is not possible

(iv) dimw=4 is not possible

(h) Let Mbe an n-square invertible matrix,
- then ' '
(i) Rank(M)=n-1
(i) Rank(M)=n
(i) Rank(M)=n+1
(iv) Rank(M)= n?
(i) Which of the following is true ?
(i Every subspace of a vector space
contains the zero element.
(i) A subspace of a vector space may
not contain the zero element.
(iii) A subset of a vector space that
contains the zero element is
linearly independent
(iv) The zero element of a vector space
cannot generate a subspace of the
vector space.
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0

Let us consider the set of non-zero

vectors {vl'vz,va, ey vm} of a vector space
and the set is linearly dependent. Then
(i) one of them say v, is a linear
combination of preceeding vectors.
(i) two of the vectors say
Uy, Uy, U3,... Uy, are equal.

(iii) the set {vy, Uy, Vs, ..., Uy} s
superset of a linearly dependent
set.

(iv) the set {vi, Vs, V3,..,Uy} is a

subset of a linearly dependent
set.

Answer the following questions : (any five)

(@)

(b)

()
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o ‘ ' 2x5=10
Prove that a field is an 'integra] domain.

Show that the subring <Z, +, -> of the
ring <Q, +, -> is not an ideal .

If A is an ideal of a ring R with unity
such that 7 e A, then show that A=R.
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(d) If f: R—> R’ be a homomorphism, then

(e)

(9)

prove that

@ f(0)=0'

G) f(-a)=-f (a)

Where g e R and 0,0’ are zeros of rings
R and R’ respectively.

If S; and S; be two subsets of a
vector space V, then prove that

L(S;US;) = L(8) +L(S,).
Show that :

{(1,2,4),(1,0,0),(0,1,0),(0,0,1)} is a
linearly dependent subset of the
vector space V3(R).

Let Tbe a linear operator of R defined
by

T (%, %, %) = (3%, % — 25,25 +x, +)%)
Show that T is invertible.

Answer the following questions : (any six)

(@)

Sx6=30

Prove that a ring R is without zero
divisiors if and only if the cancellation
laws hold in R.
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(b)

(f:)

(d)

(e)

()

If D is an integral domain, then prove
that characteristic of D is either zero or
a prime number.

Let Ac B be two ideals of a ring R.

'Pro've that -
ER/A
B_B/A

Let R be a commutative ring. Prove that
an jdeal P of R is a prime ideal if and
only if for two ideals A, B of R,
ABg P = either Ac Por Bc P.

A non-empty W subset of a vector space
V[F) .is a subspace of V if and only if
for each pair of vectors a, f in @ and
each scalar a in F, the vector aa+ 4 is
again in @.

Let V(F) be a vector space. If
@,0,03, ,Q, are non-zero vector gV,
then prove that either they are linearly
independent or some ¢,2<k<n, isa
linear combination of the.preceeding

ones a4, Q Q.

O

Prove that every n-dimentional vector

space V{F) is isomorphic to V, (F).
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4.

(h) Prove that every linearly independent

0)

subset of a finitely generated vector
space V[F) is either a basis of Vor can
be extended to form a basis of V.

Define kernel of a homomorphism of a
vector space u(F) into a vector space
V(F). Also show that kernel of
homomorphism is a subspace of V[F).

Let S, T be two linear transformation
from V(F) into V[F). Let B be an ordered
basis of V. Then prove that

[ST], =[S],(T],.

Answer the following questions : (any two)

10x2=20

(@) () Let R be a ring. Prove that

a2 -b? =(a+b)(a-b) for all a b
e R if and only if R is
(i) Show that the set

a O
S={|:O b] .a,beZ} of

diagonal matrices is a subring
of the ring of all 2x2 matrices
over Z. 5

(b)

()

(d)

(i) 'Let v be a vector space of ordered
pairs of complex numbers over the
real field R. Then show that the

set
S={(1,0),(;0),(0,1),(0,i)} is a
basis of V[R). 6

(i) Show that the ring M, (Z) of 2x2
matrices over the integers have
zero divisor. 4

Define rank, nullity and dimension of
a vector space V[F). If T be a linear
transformation on an n-dimensional
vector space V[F), then prove that

Rank(T) + Nullity(T) = dim(V)  3+7=10

Let T be a linear operator on F™* and A
be the matrix of T the standard basis
for F* . Let » be the subspace of F?
spanned by the column vectors of A.
Find the relation between @ and T

Answer the following questions : (any one)

(@)

14x1=14

(i) Prove that if K is any field which
contains integral domain D, then
K contains a subfield isomorphic
to F, where F is the field of
quotients of the integral domain
D. 6

9
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(@)

Find the field of quotients of the
integral domain

‘Z[i]={a+ib':a b'eZ} 8

(b) If A and B be two ideals of a ring R,
then prove that

@

(ii)
(ifi)

(c) ()

@
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A+ B is an ideal of R containing

both A and B. 6
AB is an ideal of R S
A+ B is the smallest ideal

containing AUB. 3

: Prové that any two bases of a finite

d1mens1onal vector space V have
same number of elements. 10

Fmd the linear transformatmn

" T: R3—R3 whose ‘range is
,generated by

(1,0,-1) and (1,2,2). 4

10 < 240



