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The figures in the margin indicate
Jull marks for the questions.

1. Choose the correct answer : (any six)
1x6=6

() Let F be a field and f(x)eF[x]. Let
a e F be a zero of multiplicity 3. Then

(A) Both (x—a)3 and (x—a)4 are

factors of f(x)
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(i)

(iti)

(B) (x-a)* is a factor of f(x) but
(x-a)® is not a factor of f(x)

(C) (x-a)® is a factor of f(x) but
(x-a)* is not a factor of f(x)

(D) Neither (x-a)’ nor (x-a)* is a
factor of f(x)

Which one of the following is correct,
where ED : Euclidean Domain, PID :
Principal Ideal Domain, UFD : Unique
Factorization Domain ?

(A) ED = PID = UFD
(B) UFD = PID = ED
(C) ED = PID % UFD
(D) ED % PID = UFD

Let p=(x2 +1) be an ideal .in Z[x].

~ Then which of the following is correct ?

(A) P is both prime and maximal
(B) P is maximal but not prime
(C) P is prime but not maximal

(D) P is neither prime nor maximal
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(v)

(v)

(vi)
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Let f(x)=3x5+15x*-20x° +10x+20¢€ Z[x].
Then

(A) f(x) is reducible over Q@ but
irreducible over Z

(B) f(x) is reducible over both Q@ and
Z

(C) f(x) is irreducible over Q@

(D) f(x) is irreducible over Zs

Let V* be the dual space of a finite

dimensional vector space Vand V** be
the double dual of V. Then

(A) V=V but VEV™
(B) V=V*"but VEV*
(C) VV*and VEV™

(D) VzV*and V= v*
Which of the following statements is
false in the case of a finite dimensional

vector space V ? (V* denotes the dual
of V)

(A) Every linear transformation on V
is a linear functional.
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(B) Every linear functional is a linear n
transformation on the vector space () Tr([T]ﬂ ) * Lia A

V.

(C) If V is isomorphic to a finite (D) v;eN(T-A4l) for each i, where
dimensional vector space W, then
V=W N(T - AI) denotes the null space

(D) dimV =dimVv* ‘ of T-4I.

(vii) Let T be a linear transformation on a
finite dimensional vector space V such

(viii) Let T be any linear operator on a finite
dimensional vector space V. Then which

that dimV =n. Let {4, 4,,....., 4,} be of the following statements is not
the distinct eigenvalues of T | correct ?
corresponding to the ordered basi
asts (A) For every eigenvalue 1 of 7, the
B={v,vy,......,v,}, where v; are
eigenspace E; is T-invariant.

eigenvectors of 4 for each i. Then which

of the following statements is false ? | (B) The range space R(T) is

[Tr(T) denotes trace of T] : . :
. ‘ T-invariant.
A =y"
(4) Tr-([T],,) DI’ | (C) The null space N(T) is
o : T-invariant.
(B) [T] 5 is diagonalisable whose ’
diagonal elements are ol .Tnee.d r::ot_ns cessang to have an
! invariant subspace always.
My Ay evvees Ay |
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, 13
(ix) Let A=(4 2), v,=(L-1) and

&)

statements is correct ?

v =(1,2). Then

(A) vy is an eigenvector of A but v, is
not an eigenvector of 4

(B) v, is an eigenvector of A but vy, is
not an eigenvector of A

(C) Both v, and Uy are eigenvectors
of A

(D) Neither v, nor Uy is an
eigenvectors of A

Let (.,.) be an inner product on a vector

space X. Then which of the following

(A) (.,.) is linear in both the
components.

(B) (.,.) is linear in the first
component,

(C) (.,.) is linear in the second
component,

(D) (.,.) is not linear in both the
components.
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Answer the following questions : (any five)
2x5=10

i) Let f(x)=2x3+x2+2x+2 and
g(x)=2x%+2x+1 in Z3[x]. Then find
f(x)+g(x) and f(x)-g(x).

(i) Let f(x)=x%+x2+x+1eZy[x]. Write
f(x) as a product of irreducible

polynomials over Z,.

(iii) For the following functions fon a vector

space V(F), determine which one of
them is a linear functional and why.

(A) V=R2 f(x,y)=(2x, 4y)
(B) V =M,,(F), f(A)=Tr(A), where
.Tr(A) denotes the trace of A.

iv) Let B={(2,1),(3 1)} be an ordered
| basis for R2. Suppose that £* ={f;, f»}
defined by fi(x,y)=-x+3y and

fa(x,y)=x-2y. Show that p* is a

dual basis for (IR2 )'.
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(v) Let V be an inner product space and
suppose that x and y are orthogonal.

Then prove that ||x+y||2 =[|x||2 .|.||y||2.

(vi) Let Tbe a linear opérator on a complex
Inner product space V with an adjoint

T*. Then, show that if T'is self-adjoint,
(T(x), x) is real for all xeV,

(vii) Let x=(2,1+i,1), y=(2-1,2,1+2i) in
C3. Then find [|x+y[|.

Answer the following questions : (any six)
S5x6=30

(i) Define a primitive polynomial in Z[x]
Prove that the product of two pri .

at th o o

polynomials is primitive. pnﬁf:;

(i) Let F be a field and p(x) be an
irreducible polynomial over F. Then

prove that M is a field.

(p(x))

(iii) Prove that in a principal ideal domain
an el.ement is an irreducible if and onl3;
if it is a prime.
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(iv) Define a minimal polynomial of a linear
operator on a vector space. Let

T:R2 —» R?2 be a linear transformation
defined by T(a,b)=(2a+5b,6a+b).

Then find the minimal polynomial of T
with respect to the standard ordered

basis of R2. 1+4=5
(v) Let V(F) be a finite dimensional vector
space with dual space V*. For every
xeV, define x:V* > F by
#(f)=f(x) for every feV*. Then
prove that % eV*. Also, prove that if

%(f)=0 for every feV*, then x = 0.
2+3=5

(vi) Verify Cayley-Hamilton Theorem for the

linear transformation T defined on R?

by T(a, b)=(a+3b,a+b).
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(vii) Let x=(a,a,, a),y= (b, b,, by) e C3.

Define (x,y)= Zil a;b;. Show that

(,.) is an inner product on €3,

(viii) Define a norm on g vector space. Let

(i)

)

|| be a norm on vector space V, and
define for each ordered pair of vectors,

- the scalar d(x,y)=";c—y |. Prove that

d is a metric on V. 1+4=5

Let Vbe an inner product space over a
field F. Let T, U be linear operators on
V. Then prove the following :

(T* denotes the adjoint of T)

(@ (T+U) =14y

() (cT) =&T* for any ceF.

2%x2=5
Find the minima] solution of the
following equations :
X+2y+z=4, X-Yy+2z=-11,
xX+35y =19
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4. Answer the following questions : (any two)

()

(@)
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10x2=20
Let F be a field and f(x), g(x)e F[x]
with g(x)#0. Then prove that
f(x)=g(x)g(x)+r(x) for some
uniquely determined polynomials g(x)
and r(x) in F[x] with the condition
that either r(x)=0 or
degr(x)<degg(x). Hence, for the
polynomials f(x)=3x*+x3+2x%+1
and g(x)=x?+4x+2 in Zg[x], find
polynomials g(x) and r(x) in Zs[x]
such that f(x)=g(x)q(x)+r(x) and

verify it. 6+4=10
4 01

Let A=|2 3 2. Find the eigenvalues
1 0 4

i ding

A and then find their correspon
gfgenspaces. Hence, show that the
matrix A is diagonalisable and find the
diagonal matrix of it. 2+5+2+1=10
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.. {iti) (a) Let Tbea self-adjoint operator on

a finite dimensional inner product

space V. Then prove that
! : eve
eigenvalue of T is real., 3’

(b) Let Vbe a complex inner product
space, and let T be a linear

operator on V with its adjoint 7.
Define 7; = (T +T*) and

Ty=L(T-T°
2 =% (T T ) Then prove that T

and T? are self-adjoint and
T=T +iT,. Moreover, show that
T is normal if and only if

LT =T1,. 4+4=8

(iv) Let V be an inner product space and

let T be a normal (o) or V T
perat
on Vv, hen

(@ [7(x)]=

T*(x)| for all xey.

(b) T-cI is
T normal for every scalar

(c) If xis an eigenvector of T, then x

is also an eigenvector of T*

63/1 (SEM-6) CC14/MATHC 6146/BL 12

(d) If 4, A, are distinct eigenvalues of
T with corresponding eigenvectors
x, and x, then x and x, are

orthogonal.
2%x4=10

Answer the following questions : (any one)

@)

63/1 (SEM-6) CC14/MATHC6146/BL 13

14x1=14
Let V be an inner product space and
let S={w, Wy, ..., W,} be a linearly
independent subset of V. Define
S' ={vy, Vg, ey Uy}, Where v =w; and

oy o),
vk—wk"'z_,'=1 j for 2<k<n.

|l
Then prove that S’ is an orthogonal
set of nonzero vectors such that
span(S') = span(S). Hence, find an
orthonormal set of the set
S = {wy, w,, w3}, where w = (1,0,1,0),

w, =(L,1,1,1), ws=(0,1,2,1).
8+6=14
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@ (a)
(b)
(iii) (a)

Let Fbe a field. If f(x)e F[x] and
deg f(x) is 2 or 3, then prove that
f(x) is reducible over F if and

only if f(x) has a zero in F

Hence, discuss the reducibility and
irreducibility of the polynomial

x2 +]1 over ZS and Zs. 6+3=9

Find all zeros and their
multiplicities of the polynomial

5
x° +4x*+4x3 - x2 _4x4+1 over
Zs. 5

Let T be a linear transformation
on a vector space V and let

A5 A5 eeeey A be distinct

eigenvalues of T. If vy, Uy,

are eigenvectors of Tcorresponding

to 4(1<i<k), then prove that

{v,v,,....., Uk} is linearly
independent, 7
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(b) Let T be a linear transofrmation

on R* defined by
T(a,b,c)=(2a—b,a+b,c—d,c+d),

and let W1={(s,t,0,0)|s,teIR{}
and W, ={(0,0,s,t)|s,teR}.
Show that W; and W, are

T-invariant subspaces of R*. Also,

show that R* =W, @ W,
2+2+3=7

63/1 (SEM-6) CC14/MATHC6146/BL 15 300



