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MATHEMATICS
( General )

Paper : 6.2

( Advanced Calculus )

Full Marks : 80

Time : 3 hours
The figures in the margin indicate full marks
for the questions

Answer either in English or in Assamese

1. Answer the following questions : 1x10=10
SO AR Ty o

(a) Define limit point of a metric space.

A% FE Sy R st o

(b) When is a metric space said to be
a complete metric space?

B W T @fen G [ T I o
7
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(2)

(c) Is the subset [0, 3] open in metric space
X =[0, 3] under the metric d given by
d(x Y =|x-yl|?

R d SeeE [0, 3] TS [e T
X =[0,3]° & TA, IS d(x, Y =|x-y|?

(d) If F is a closed set, then its complement
F€ is an open set, why?
M F 9B 9 S F, (OB TN [{E R
F° go1 7@ 7ifS, 17

(e) State the fundamental theorem of
integral calculus.

e aifTey (e ecent o |

() Define the improper integral of first
kind.

B19 2 S S FKe faa |
(g) What is the value of I'(2)?
rRIT 2

(h) Evaluate [(x?dx+xydy) along the line
C

segment (1, 0) to (O, 1).

(1,07 *q 0,1 ° @ISR
[ dx + xy dyp- <= fRefa a1 1
(o
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(3)

() For what value of A, the integral
J: e Mdx is convergent?

A3 R T A [ e M dx e SR
LS

() Write down the relation between Beta
function and Gamma function.

301 To 1% ST T T STRECT for |

2. Answer the following questions : 2x5=10
©o SPIATAY e forat

(a) Show that in usual metric, the metric
space (R, d), where d(x, y) =|x-y|; every
open sphere is an open interval.

(RS @, TR AT TS (R d), TS
dix,  =lx-yl; 2B & R, @B 15
I W |

(b) Show that fl converges to 6.

dx
Ix+1
7 dx
e SO 6 (1 SR
(IS & j_l e ©
|
c) Show that f(m, n) =B(n, m).

¢ryedl @, B(m, n) =B(n, m).
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(4)

(d) A function f(x) is defined on [-1, 1] as
follows :

F) = k, positive constant, when x=#0
- 0, when x=0

Show that f(x) is R-integrable on [-1, 1].

9ol T f()F [-1, 1] TRES FRRT F
CZR G ¢

_|k wes #55, @fSm x 20
f(X)_{O, mx=o

S A f(x) FoeOl [-1, 1] SRES [Ra=
ST 2 |

(e) Evaluate the integral :
fewolymofzo Fyz drdydz
SFANOR T ey 740

j::=0'[:;=0-":¢:=0 xyz dxdydz

3. Solve any four : 5x4=20
R @I SIS 5 -

(a) Let d:R™ xR™ - R such that

dix, 9 = Ylx; -yl

i=1
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(S)

x =(x1s X, ***y xn)e R"
y= (yls Ya, "'ayn.) € Rn

Then show that (R", d)is a metric space.

[WTAd:R" xR" - R, I'©

n

die Y = ¥lx; - y;l
i=1

X =(x1) Xoy oy xn) €R"

y= (yla y2) "':yn) € Rn

(IS @ (R™, d) <51 1399 T |

(b) Let {G,}, where o€ N, ‘be a collection
of open sets in the metric space (X, d).
Show that UG, is an open set.

@ 2F {Gy}, TS ae N, (X, d) [T TS

9Bl T& RS AR | (ST @ UG, <Ol
T& NS |

(c/ Show that a function f continuous in
a closed interval [g b] is Riemann
integrable in [a, b].

f T I SR (g, b SRfkA ¥,
R A f FANH [q b] SR{E© [
SN |
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(6)

(d) Show that the integral rgx—(a>0), is
a 1

(e)

8A/803

(i) convergent, if u >1 and (i) divergent,
if p<l

IS @ j:%(am) SOl (i) TR
TIMMP>199 ([) FPIRTIMp <1 =)

Show that

on8xdx of3

TS @

e .3 16n
Ix 8-x dx——7_3-

Evaluate the integral :

[Jaﬁ-xf
j:: o xy dxdy

SO T ey 1

a2 -x2
bl " maxdy
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(7))

4. Answer ((a)or (b}], [(c) or (d)], [fe) or (/)] and
[(g) or ()] : 10x4=40

@31 (b)), ()T (d]], ()T (f)] =% [(g)T(H)]-T
Taq ¥4 :

fa) () Let R? be the set of all ordered
pairs of real numbers and let

d:R? xR? - R be defined by

d(x, Y) = max {|x; -y, |x2 - Y2}
where x=(x;, x,) and y=(yj, y2)6R2.
Show that (R?, d) is a metric space.

R? If¥(h el IWA RAR TS
AR RS 9F d:R?xR? 5 RT

TRERE TN (R GG
d(x y) = max{|x; -y |, [x2 - yYa2l}
‘4% x=(x1, x2) i< y=(.y1, yz)eRz.
CRYST ¥ (R?, d) b1 [ T |
(i) Prove that every closed sphere in

a metric space is always a closed
set.

AT Fq @ G5 AT TS MO I
(MY BT 75 T |
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(8)
(b) Test the convergence :
. sin x
() fg=ax

(ii) flog x

x+a

where a is a positive constant.
RReR R 9 -
0 f 22X ax
o [

'S q 9B YASIF £ |

(c) By evaluating the following integral,
show that

1 x-y 1| x-yYy
IO[O(x_'_ )3 y]dx¢-[0|:(x+y)3 dx] dy

= T 3R (38 @

I°[I° )3 y] $I°[(x+y)3 ]dy
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(@)

(e)

8A/803

(9)

Show that
xm—l
B(m, n) = j;“m
hence or otherwise, show that
()l -n)=—=
sin nn
(38 @
xm-l
Bm, n) = I:(1+x)m*"
XH TS & AP 2909 F91 T
T Tl-n)=—=
Sin Nt

(i) If fy and f, are two bounded and
integrable functions on [q, b], then
show that f=fi+f, is also
integrable on [a, b].

W f A S, T W (g, B ST
AT T ST =, (O (S @
f=f+f, T [q S S@aH
A

(i) Show that f’ flgde=1Y, where
fl)=3x+1.
oy @ [Pfgde=Y, e
f(x)=3x+1.

( Turn Over )



(10)

0 O X fi(x)=x Vxe[01], show that
1 1
Jo Fd dx = >

M flg=x Vxel0 1], YA &
fo Sty dx =2,

(i) Prove that

oM A
_T@) rm
B, m) = ri+m)

(9) Prove the Dirichlet’s integral

-1, m-1_n-1 dz < r{)rim)r(n)
ng yr e ddy Frl+m+n+1l)

where the region of integration is the
volume V of the solid enclosed by x =0,
Y=0,z=0and x+y+z=1.

fAfReeeTse Sreramcs 2 w1

J‘J’ xl= lym=1,n- 1 dxdydz = r@qyrmrmn
Fri+m+n+1l)

TS SRres Vi x=0, y=0, z=0 &
X+y+2z=13 97 e |
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(11)

(h) Let (x,) be a Cauchy sequence in
a metric space (X, d) and (y, ) be another
sequence in X, such that d(x,, Y,) < %,
for each ne Z. Show that—

(i) (yn)is a Cauchy sequence;

(i) (x,) converges to some point
x = (y, ) converges to x.

@ ¥ (X, d) ®E TFO (x,) @O IR

waws(yn)wqﬁw,
WS d(x,, y,) <Lt =@, TS MO ne Z.

MYSA @—

() (Yn ) <01 IR S

(i) (x,) STFAO x ¢ HSTA A = (y, )
ST x (& ST = |

* % X
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