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The figures in the margin indicate full marks
for the questions

1. Answer the following as directed : 1x10=10

(a) - A surjective homomorphism from a
group to another group is called

(i) endomorphism

(ii)-. é.utomor-phism

(iii) mbnomorphism |

(iv) epimorphism

{ Choose the correct option )

(b) State whether the following statement is

true or false : .

. - “Every integral domain is a field.”
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(c

(@

(e)
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State whether the following statement is
true or false :

The ring of all 2x2 matrices over
reals under matrix addition and
multiplication is an integral
domain.

If the ringg R and S are of
characteristics m and n respectively,
then the characteristics of the product
ring RxS is

(i) mn

(@) m"

(i) lem[m, ]
(iv) ged[m, n]

( Choose the correct option )

Define inner automqrphism of a
group G. :

If Gis a non-Abelian group of order p3;
where p is a prime, then order of Z(G)
(the centre of G) is

(i) either 1 or p
() either p or p®
(i) either p? or p®
(iv) either 1 or p3

( Choose the correct option )

( Conti_r,_u._,ted )
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2. Answer the following :

(a)

(b)

()

(d)

(e)

(3)

State whether the following statement is
true or false : ‘
“Abelian group of order 15 is always
cyclic.”

Define kernel of a ring homomorphism.
Define subring of a ring.
Give the reason why the ideal

(6)={6n:ne Z} is not a prime ideal of
the ring of integers Z.

Prove that a grbup G is Abelian if the
map pn:G— G defined by .p.(x)=x'l,
Vx e G is a homomorphism.

Consider the homomorphismi y from the
group G to the group G'. Show that if G
is simple, then either y is one-to-one or
y maps each element of G to the identity
element of G’.

If L is a left ideal of a ring R, then show

‘that ML)={xeR:xa=0Vael} is an

ideal of R.
State Sylow’s first and second theorems.

Give example (with just.iﬁcatioh) to show
that quotient ring of an integral domain
may not be an integral domain.

( Turn Over )
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(4)

3. Answer any four of the following : 5x4=20

{a) Show that the relation of isomorphism
in the set of all groups is an equivalence
relation.

(b) Show that every non-zero finite integral
domain is a field.

(c) For any group G, prove that

G
—=1(G)
Z(G)
Here, Z(G) is the centre of G and IG) is
the inner automorphism group of G.

(d) If R is a commutative ring, then show
that an ideal P of R is prime if and only
if for any two ideals A and B of R,

ABc P= either Ag Por B¢ P

(e) Prove that a non-einpty subset W of a
vector space V(F) is a subspace of V if
and only if au+Bve W, Vo, e F and
Yu, ve W.

() Show that (4) ={4n: ne Z} is a maximal
ideal of the ring of even integers (E, +,.).
Is (4) a prime ideal of E? = 4+1=5
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4. Answer the following questions : 10x4=40

(a) Let Gbe any group. If His any subgroup
and N be any normal subgroup of G,
then show that—

(ij Hn N is a normal subgroup of G;
(i) N is normal in '
HN={x=hn:he H,ne N};

) (m EN_.—_' H
. () N HAN' 2+2+6=10

Or

Let f be a homomorphism from the
group G onto the group G’ and H be a
subgroup of .G, H’ a subgroup of G'.
Show that—

(i) f(H) is a subgroup of G’;

() fY(H’) is a ‘subgroup of G
containing ker f, where
fYH)={xeG: f(Ne H'};

(i) there exists one-to-one
correspondence between the sets of
subgroups of G containing kerf
and subgroups of G". 2+3+5=10
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‘ (b) Define ideal of a ring. If A and B are two
ideals of a ring R, then show that their
sum A+B={a+b:a€ A, be B} is also
an ideal of R containing both A and B.
Further, prove that A+B={Au B), the
ideal generated by Au B. 1+4+5=10

Or

Show that the intersection of any family
of subspaces of a vector space is again a
subspace. Also show that union of two
subspaces of a vector space is a
: subspace if and only if one is contained
in the other. 5+5=10

(c) Let fbe an endomorphism of the group
G such that f commutes with every
inner automorphism of G. Show that—

) K ={xeG: f?(x)= f(x)} is a normal
~ subgroup of G;

. G . .
(it) I is Abelian. 5+5=10

Or

Let G be a finite group and p be a prime
number such that p /o(G). Prove that
there exists x e G such that o(x}) = p. 10
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(d) If Dis an ideal of a ring R, then show
that there exists a one-one, onto
mapping between the set of all ideals of
R, containing D and the set of ideals

of X. 10
D
Or
Show that any ring can be embedded
into a ring with unity. 10
* k&
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