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The figures in the margin indicate full marks
for the questions
1. Answer the following questions : Iix7=7

(a) Describe the open sphere of unit radius
about (0, 0) for the following metric on

RQ :
d(x, y) =1x -l +1x2 —yal,
x = (%1, Xa), Y= U1, Yp) € R

() Consider R with the usual metric. Find
the derived set of each of the following

subsets of R :
A=]0,1

B={1+l:nEN}
n

C={l:neN}
n
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(2)

(c) A finite set in any metric space has no
limit point.
Justify whether it is true or false.

(d) Give an example to show that the union
of two topologies on a set may not be
again a topology.

(e) Let & be the topology on N which
consists of ¢ and all subsets of the form
G =Tmam+l mt 2 meN. What
are the open sets containing 57?

(f) Consider the topology
Z ={0,{a},{bc}, X} on X={ab,c}
and the topology % ={¢,Y, {r}, {p g}
oy Yi=H{ plg rhLethfi (X, )iy 25)
be a mapping defined by f(a)=p,
f(b) =q and f(c) =r. State whether f is
a homeomorphism or not.

(g) Define an inner product space and give
an example.

2. -Answer the following questions : 2x4=8

(a) Give an example to show that in a
metric space union of an infinite
number of closed sets may not be a
closed set.
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(b)

()

(d)

3. Answer the following questions :

(@

(b)
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Let X =4 2584} and
A={12}, {2 4},{3}. Determine the
topology on X generated by A as a
subbase and hence determine the base
for this topology.

Every inner product space is a normed

linear space.
Justify whether it is true or false.

Let (X, ||-|) be @ normed linear space and
x, = x and y, Yy in X. Show that

X tn XY

Let (X, d) be a metric space and A be a
subset of X. If x is a limit point of A,
prove that there exists a sequence (a,)
of points of A4, all distinct from x, which
converges to X.

Let (X, 7)) be a topological space and
A c X. Prove that the union of A and the
set of its accumulation points is closed.

Or

Let (X, .7) be a topological space and
(fn) be a sequence of complex valued
functions defined on X which converges
uniformly to a function f defined on X.
Prove that if all f,’s are continuous,
then f is also continuous.

( Turn Over )
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{ 4 )

(c) Show that R" is a normed linear space
with some suitable norm.

Or

If x and y are any two vectors in an
‘inner product space (X, (-, -)), then prove
that [(x, )| <] x[- |y}

4. Answer the following questions : 10x3=30

(a) Let Cla b] be the set of all real valued
continuous functions defined on [q, b].
For f, ge C[a, b], define

d(f, g)=sup |f(x)-g(x)]|
X € [a, b]

Show that with respect to this metric,
Cla, b] is a complete metric space.

10
Or
Let (X, d) be a metric space. Show that
the mapping d; : X xX — R defined by
d(x y)
di(% y) = —
1+d(x y)
is also a metric on X and that d and d,
are equivalent. 10
(b) State and prove Baire’s Category
theorem for metric spaces. 10
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Or

Let (X, d) be a metric space and x5 € X
be fixed. Show that the real valued
function f, (x)=d(x xg), Xx€X is
continuous. Is it uniformly continuous?
Let (Y, p) be another metric space and
f:X =Y be a mapping. Prove that f is
continuous if and only if the inverse
image of every open set in Y is an open
set in X. 2+1+7=10

(c) Prove that a metric space is sequentially
compact if and only if it has the
Bolzano-Weierstrass property. 10

Or

Define disconnected metric space and
give an example. Let (X, d) be a metric
space and A be a connected subset of X
such that Ac Bc A. Prove that B is
connected and hence deduce that A is
connected. 2+8=10

* %k X
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