'3 (Sem-6) MAT 1

2014

MATHEMATICS
( General )

Paper: 6.1
( Linear Algebra and Complex Analysis )

Full Marks : 80
Time : 3 hours ‘
The figures in the margin indicate full marks
for the questions

Answer either in English or in Assamese

1. Mention if the statements given below are
True or False : 1x10=10

wore Rl SR wE F wwE A

(a) Every field is a vector space over any of
its subfield.
oTeRe Ty OF i @I BArEa ¢Re [IRT
ISR o1 A |

(b)) If W, and W, are two subspaces of a

vector space V, then WU W, is also a
subspace of V.

W, S W, el «F (AR T VA 151 Sorgt
T, Wy U W, -8 VT ¢ TR X1
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(c)

| - (d)

(e)

14A—1000/1380

(2)

Any sef of vectors of a vector space
including the zero vector is linearly
dependent.

a1 (RT TFR (S8 T e el BT
CSE0HT- WA 2ee, TR aRFeE ey

73|

The set C={x+iy|x, ye R, i=+—1} of all
complex numbers is a vector space over R
Wwith B = {1, i} as basis.

C={x+iy|x yeR i="1), STHRER b4

TRIR 152fS 271 % I TRAN 7S R @IS
TR W R @ W o LA

Any two bases of a finite dimensional

vector Space may contain different
Numbers of vectors.

T TR e 7w B R @R D oS
T8 ke coq ey 7w |

F‘bspace of the vector space

Va®) ={(x, y)Ix ye R}

S={lx Y), x+y =0, x, y € R} 7x=fecdr aR<
T Va®) = {(x, y)|x, ye R}T b1 Sorgm |
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(h)
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0 -
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(3)

If zz and 2z, are any two complex -
numbers, then
Re(z,25) = Re(z) Re(2,)

Re(z), Re(2;) denoting the real parts of the
complex numbers z, and z, respectively.
2z OF z, R QAT 1 &bl TR LA
' Re(z,2,) = Re(z,) Re(2,)

\
TS Re(z) WF Re(2,) T 2 WIF 2, &oa
I GBI AT O |
The function f(2)=2Z is analytic
everywhere in the complex plane.
fl2)=2Z Tomo1 WoA O  AICARS
IR 1
If z=x+iy, x, ye R, then f(z)=16gz is a
many-valued function.
z=x+iy, % yeRI IR f(z) =logz b1 77
TRRMAE P |
If a and z.are any two points in a simply
connected domain D in the complex
plane C, then f: f (2) dz depends on the
paths joining a and 2z, where f(2) is
analytic in D.
wibe swes C® RIo T Bl RN
DI I q ze DX, [ f(2) dz3 T a W%

z AN 2] 8o e RS, IS [ (2) FAHI
D c5qe ReilRe |
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(6)

(iv) Give the definition of the complex
line integral -[c f (2) dz, where f(z) is

continuous for all z on the
rectifiable curve C of finite length.

woH (FR-TTNA jcf(z)dzamwﬁ'«n,
TS f(z) WA O GIIRFIUCI4] 9BT Iep
CT @oFe I3 el 7 z'© wififves |
(v) Calculate J'Cidz from z=0 to
Zz =4 +2i along the curve C given by
z=t2 +it
z=2+it @RI TN GBI T C @
z=03F *}l z=4+2i (7 jc'zdza =

Sfere |
3. (@) Answer any two of the following
questions : 5x2=10
O PR R e R Ty o

() Let W; and W, be two subspaces of
a vector space V(F). Define linear
sum W;+W, and prove that

- Wp + W, is a subspace of V(F).
@R, Wy S W, o1 (RS TV (F) I

. 01 o | CaRT T W, + W, il foran
IF o ¥ A W, + W, VF)I @B
o |
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(7))

(ii) Define linear span L (S) for any finite

subset S of a vector space V(F).
Show that the linear span L(S) of a
finite set S in a vector space V(F) is
a subspace of V(F).
o1 R ww V(F)T R @ A9y
Topicaf ST IR ART ReE L (S) T kel
a1 s @@, ART EA V(F) IR e
7 =S S aRe [RWF L(S), VIF) I
<51 BoRF |

(iiij Show that the set

S={2,-10,351,112)
forms a basis for the vector space

R3 ().

s
S= {(2: _L 0)’ (3: 5: 1)’ (1’ ]-» 2)}

K251 23l T R3 R) I 30T G YIS |

(b) Answer any two of the following
questions : 5x2=10

Wmﬁm@ﬁ%aﬁm-

() If f(2) is analytic with its derivative
f'(2) continuous at all points inside
and on a simple closed curve C,

prove that
[fz)dz=0
o]
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(8)

i f(2) FACO1 (ICIRT SE W TP
F'(z) TSR WG b1 IF CT TWIMF
¥R TR 81T e e oRkfead, (9@
o9 I @,

[flz)dz=0

(o]

Prove that
I dz omi
—=27i
cz-a
where C is any simple closed curve

containing the point z=a in the
region bounded by C.

WEFMA
I_di.=21|:i
Cz—a

S C 9ol AR WG IF OF z=a,
C3 %Rl WR% cFad 9ot R e 7 1

Evaluate
I(xz - iy2) dz
c

along the parabola y = 2x2 from L1
to (2, 8).

Jie? —iy?) dz3 W= Bfem, 3 c @
C

W@ y=2x23 (L, )T A @2 8)
SRR e e |
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(9)

4. Let T:U(F)— V/(F) be a linear transformation
from a vector space U(F) into another vector
space V(F). Define the null space and range
space of T. Prove that both null space and
range space of T are subspaces of U(F) and
V(F) respectively. 2+4+4=10
@A, T:UF) - V(F), &R TH U(F)T R S
% IRT TM V(F) o1 b1 (R I | T 0
O AR T RE BT e 7 @, TR e
e PR TN Seta T U(F) o1F V(F) I TR |

- Or/ 911

Let T:U(F) — V(F) be a linear transformation
from - a vector space U(F) into a vector
space V(F). Then show that (a) T(0)=0,
where O denotes the zero vector of vector
space in the appropriate context and
(b)T()=-T(), Voe U(F) 5+5=10
@1 49, T:UF) - V(F), &Rs T UF)I [
V(F) ¢ <01 QIR o1 | (ST &, (F) T(0)=0,
O 0 @ IUEY PR AT (IRE TR F
AT I & (}) T(-0) = -T(@), YaeUF)

5. What do you mean by the normal form of an
mXn matrix A of rank r ? Find the rank of the

matrix

6 1 3 8
4 2 6 -1
4=l103 9 7
16 4 12 15
by reducing it into normal form. 2+8=10
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(10 )

r GIIOYE @61 mx n C(NTF® AT 2T SR et

T 3912 ey SReRCeT e #R -
61 3 8
Al % 2 6 -1
|10 3 9 7
16 4 12 15
RS Il Refer 31 1 -
Or / 91

Let LU, V) denote the set of all linear
transformations from a vector space U into

. @nother vector space V defined over the same
field F. For any'Ty, T, e L{U,V), o€ U, a€ F,
define '

(5 + T5) (@) = [ (o) + T, ()
(ah)(e) = a7 ()

Prove that L, V) is a vector space over F. 10

TR, LU, V) @ I P F T eoR® T

. RARARGRS R CRAC R R
IR TR | R @A G, T, € LU, V), we U,

€ FIMR T, + 1, W o3 e ame Fn 2

(0 + T)fe) = T (o) + T (o)
(ah)(o) = aTi (o)

» LU, V) & FI @RS @51 aRT 35
TN ¥R
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6.

(11

Define eigenvalue and eigenvector of an nxn
matrix A over the field of reals (R). Show that
every square matrix A satisfies its own
characteristic equations. 2+8=10

I RIR CFa R'© R 91 @B nxn (OoFs
AT URCA T SF SR (S397 R SRR |
(ST A Ao I e A @ SR fRew
wifeereiag JNeqe Fim ¥ |

Or/ 9%
Verify Cayley-Hamilton theorem for the matrix

*=[5]

and hence find A™L. 6+4=10
1
e A=[31 2]a IR -
\

TAAMICO! @S 1 S TR 481 AL Refy w11

7. Prove that the mnecessary and sufficient
conditions for a complex function
W = flz) = u(x y) +ivix y)
to be analytic in a region R are
du _ v Ju __dv
gu _9v q &__%
dx dy dy ox
where all partial derivatives are assumed
continuous on R. 4+6=10
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(12 )

GOl Sfoe wew

W = f(z) =ulx y) +ivix y)
wioeT Ao R CFAS (0RE @A TETR 2
22:22 22:‘--8—1)
dx dy dy dx
A A @, @WWWW@H’@
SRR SaIETeTR RS SRt IR 441 iR |
| Or/ 94t
Prove that
u=e *(xsiny-ycosy)
is harmonic and find v such that fE)=u+ivis
analytic. 5+5=10
NI T

u= e“"(xsi/ny - ycosy)

T T G W gy M T v R T
S S 12) = -+ iv oy cqcafie = |

hkh i
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