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'MATHEMATICS A
( Major ) |
Paper @ 4.1

Full Marks : 80
Time : 3 hours

The figures in the margin indicate full marks
for the questions

1. Answer the following as directed : 1x10=10

(@) What are the limit points of
the sequence {Sn} where

S (-1)”(1+l), ne N?
n

(b) If Y u, is a positive term series such

n=1

that lim(u,)¥ =1, then the series
n—eo

converges, if
i) 1>1
(i) 1<1
(iii) 1=1
(iv) None of the above
( Chaose the correct answer )
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(c)

(d)

(e)

(9)

(2)

The series 1+r+r2+7r3 +... is
oscillatory, if

fns1 [)r=1

(iii) r>1 (iv) r=-1
( Choose the correct answer )

Write whether the following statement is
True or False :

A series obtained from an absolutely
convergent series by a rearrangement of
terms converges absolutely and has the
same sum as the original series.

For what value of p, the series

10 CSHIAGUT 55

—+...
12800 BESa DI 4D

is divergent?
Fill in the blank :

If the series Y'u, is convergent and
n=1

=] ==]
Y lu, | is not convergent, then N iy, 18
n=1 n=1
known as —.

x—|x ! x—|x
Find lim x| and lim ‘ l.
X 0F LG x—0" x
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(3)

Let
x, when 0<x< %
fl9=< 1, when x=%
ll-—x, when :,12-<x<1
Then f is

(i) continuous at x =+
(i) not defined at x=7%
(iii) discontinuous at x =%
(iv) continuous for all x, 0<x <1

( Choose the correct answer )

Give an example of a continuous
function which is mnot uniformly

continuous.

Consider the following statements :

I. A differentiable  function is
continuous. :

II. A continuous function is
differentiable. ;

1II. A continuous function on a closed
interval is uniformly continuous on
that interval.

IV. A continuous function on a closed
interval is not bounded in that

interval.
Which of these statements are correct?
() 1and Il (i) 1 and III
(iii) 11 and II (iv) 1I and IV

( Choose the correct answer )
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2. Answer the following questions - 2x5=10

(a) Define neighbourhood of a point in R
and an open subset of R,

(b) TIllustrate with an €xample that the
sequences {a, +b,} and {a,b,} are
convergent  but  the component
sequences {a,} and {b,} may not be
convergent.

b,

(c) Show that

! i
lim &7 =1

x—0 1
e* i

does not exist.

(d) Show that

5 !
——<logx
|5 0e ¥
for all x>0.
- ¥
(e) Find the value of ¢ of Lagrange’s mean

3.
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Answer any four parts :

(@)

(4.

value theorem, when

flx)=2x2 -7x+10 in [2, 5]

Sx4=20
Prove that the union of two closed sets
is a closed set. Give an example to show
that the union of an arbitrary collection
of closed sets is not a closed set. 4+1=5

( Continued )



(b)

(c)

a

(@)

(e)

4. Answer either (a) and (b) or (c) and (d) : 5x2=10

(@)
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(5)

If {a,} is a sequence of positive terms
such that lim a, =/, then prove that

n—ee 1

lim (@ ap ... ap)" =1
n—oo

Using this result, show that
il
lim

" (e

Show that the series
1 1 1

1+ 2—2 + 53— + o +...
is convergent.
Test for convergence, absolute
convergence and conditional

convergence of the series
- 1
(_ l)n BTSN
2 s

Prove that between any two real roots of
e”* sin x = 1, there is at least one real root

of e*cosx+1=0.
Test the differentiability of the function
-1 1
xtan (&), forx#0
e
0, forx=0

at the point x =0.

Prove that a bounded sequence with a
unique limit is convergent.

TiEa 3+2=5
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(6)

(b) Using Sandwich theorem, show that the
sequence {S, } where

1 1 1
Sp = + ton b
Vn? +1 Yn?+2 n?+n
converges to 1. ' 5

(c) Define a Cauchy sequence. Show that
every Cauchy sequence is bounded.
Give an example to prove that a
bounded sequence need not be always a
Cauchy sequence. 1+3+1=5

3

(d) Show that the sequence {S,} where
&fﬂ+l+l+l+m+ 2
11 21 3l (n-1)!

is convergent. ‘ S

S. Answer either (a) and (b) or (c) and (d) : 5x2=10

(a) State Gauss’ test for convergence of a
series. Applying this test, examine the
convergence of the series

o o+l ofa+l)c+2)
A AL

B BB+D) BB+1E+2)
where o >0 and B > 0. ' 1+4=5

(b) Test the convergence of the series
o 3.3
Sl -1—3 2 +...00 for x>0 5
T i 3!
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(7))

(c) Prove that every absolutely convergent
series is convergent. Is the converse
true? Justify. 3+2=5

(d) State Cauchy’s root test for convergence
of: 'a+ series. "M Using/Ythis, " itest “the
convergence of the series.

=1 =2 -3
PO TR (< IR [l R
12 1 2_3 5 34 3 ¥

1+4=5

6. Answer the following questions : 5x2=10

(a) Prove that if a function f is continuous
on a closed interval [g b], then it attains
its bounds at least once in [q, b]. S

Or

Show that the function f defined on R
by
' 1, if xis rational
RS 0, if xisirrational

is discontinuous at every point.

(b) State Cauchy’s criteria for existence of
finite limit. Using this criteria, show
that

A, ]
lim —sin—
x—0Xx X

does not exist. 1+4=5
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(8)

Or

Prove that g continuous and strictly
increasing function f in [q b] is
invertible apd the inverse function is
continuous in [f(a), f(b)]. 5

7. Answer any two parts : : 5x2=10

(a) State and prove intermediate value
theorem.for derivatives. 1+4=5

(b) State Cauchy’s mean value theorem.
Using it, show that

z)
COS| —
il 2

T
1im =— 4
1+4=5
x—1 log(lj 2
X
() Evaluate the following limits : 2+3=5

) lim x-log(l+x)
x-0 1_cosx

LI
(i) lim (EB;E‘_) <2
x—0 x

(d) Find the maxima and minima of the
function

flx) =Sinx+~}—sin2x +lsin3x YV xe [0, m]
2 3 5

* & A
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