3 (Sem-3) MAT M 2

2013

MATHEMATICS
( Major )

Paper : 3.2
( Linear Algebra and Vector )

Full Marks : 80

Time : 3 hourls

The figures in the margin indicate full marké
for the questions

GROUP—A
( Linear Algebra )
( Marks : 40 )

1. Answer the following : 1x6=6

(a) If W is the vector Space of all
polynomials of degre€ <n, determine
dim W.

(b) Let W be a subspace of the vector space

R3 over R. If dimW =1, what does W
represent geometrically?
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(2)

() LetF:R? - R? be the mapping defined
by F(gy)=(x+1, y+2). Is F linear?
) Justify. \
!

(d) Let S and T be linear operators on
R?  defined by S(x,y)=(y, x) and
T(x,y)=(0, x) respectively. Find the
formula that defines the operator ST.

(€) If Ais a non-singular matrix, then write
the relation between eigenvalues of
A and eigenvalues of A™L.

() Let AX=0 be a homogeneous system
of m equations in n unknowns and S be
the solution space of the system. If rank
A=k, then determine dimension of S.

2. Answer the following : 2xD=q

(@) Let V be the vector space R3 over R. If
U and W are subspaces of V, where U is
the XYy-plane and V is the yz-plane, then
show that V = U+ W. Is the sum direct?
Justify,

(b) Find ali eigenvalues of

Sl
A=
)
over the real field R. :
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(3)

3. AD.SWEI' any one part 3 10

(@) (i) For any two subspaces W; and W,
of a vector space V over a field F,
prove that W + Wp is the subspace

of V spanned by W L Wj.

(i) Let V be a vector space of
dimension n over F. Show that any
linearly independent set of n vectors
of V is a basis of V.

(i) Let U and W be distinct 4-
dimensional subspaces of a vector
space V of dimension 6. Find the
possible dimension of Un W. 443+3

. (b) () What do you mean by. the term
‘complement’ of a vector space?
Prove that every subspace of a finite
dimensional = vector space has g
complement.

(i) Let W be a subspace of .a finite
dimensional vector space V. prgve
that

dim—:{/— =dimV —dim w 7 5+5
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(4)

4. Answer any two parts : Sx2=10 !

(@) Let U be a finite dimensional vector
space and T:U—V be a linear
transformation. EStablish :

dimU = dim(ker T) + dim (Im T) -

(b) Let T be the linear operator on R3
defined by
T(x y, z) = CQy+3 x—4y, 3x)
Find the matrix of T relative to the basis
{@, 1,1), @ 1, 0), @ O, O}
Also verify that the action of T is *
preserved by the matrix representation.
Is T non-singular?
(c)

Consider the following bases of R?
over R -

{e; =(1, 0), e, =(0, 1)} and
{f =(1, 3), f =(2, S5)}

Find the transition matrix P from {e;} to
{fi} and the transition matrix Q from
{fi} to {e,}. Hence show that Q= P,
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S. Answer any one part : 10

(@ (I

(i7)

Let A and B be two n xn matrices.
Show that AB and BA have same
eigenvalues. ]

Let

A =

o Nt

-3
3
3

@) & =

Is A similar to a diagonal matrix? If
so, find one such matrix.

(iii) Verify Cayley-Hamilton for the

(b) @

(i)

matrix
2 il
A=|-1 2 -1
et =142
Hence find Ak : 3+3+4

Prove that the minimum polynomial
of a square matrix exists and is
unique. :
For what values of A and p the
system of equations
XxX+Yy+z=6
x+2y+3z=10
x+2y+ Az = 0

has a unique solution? §o5
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(6)

GROUP—B
( Vector )
( Marks : 40 )
6. Answer the following : 1x4=4

(@ If q, b and ¢ are three vectors such

that g and E,’ are parallel vectors, then
determine

a- (.i; x¢)
(b) Evaluate

P-(Gxk)+F-(Rxi)+k-Ex]) |

(c) Write the geometrical interpretation
of grad d.
(d). Find div 3, wheré

- 2 o] 21
v =3x2yi+zj+x°k

7. Answer the following : 2x3=6
(a) Show tia "

: fx[axf)+3x(a’x})+£.x(a’xl::)=22{
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(7))

(b) Find the total work done in moving a
particle in a force field, given by
F =3xyi —52j +10xk
along the curve x=t%+1, y=2t2, z=t>
from t=0 to t=1

(c) If Sis a closed surface, n is the outward
drawn normal to S and V is the volume
enclosed by S, then evaluate

H div ndv
v

8. Answer any one part : 10

(@) (i) Find the equation of the plane
passing through the points
A2y =k b B8 22 =) anid
c(-1, 3, 2).

(i) Evaluate
V-Ax7)if VXA=0

(i) I f=xyi-z+x°k and C is the
curve x =t2, y=2t, z=¢3 from t=0
to t =1, then evaluate J' _? % il

C 3+3+4
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®) ()

(@)

(i)

9. Answer any two parts

(8)

Find  the volurmme of  the
parallelopipe whose edges are
represented by

-

A= 2i -3 +4k
el
C=3i-j+2k
Find the equration of the tangent
plane to the surface
2xz® ~3xy-4x="T7
at the point (1, -1, 2).

—> —~ A ~
If f=02x?-32i-2xyj-4xk, then
evaluate

'[{[J‘Vx? dv

where V is bounded by the
Coordinate p]anes and the plane

2X+2y +z=4. 3+3+4

(a) Establish the following :

V- (04) = (Vo) A +6(V- A)

Hence evaluate v. (r37).
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(b)

(c)

(9)

Find the constants a and b so that
the surface ax? —byz=(a+2)x will be
orthogonal to the surface, 4x2_yr+z:3 =4
at the point (1, -1, 2).

If ¢(x, y, z) is any solution of Laplace’s
equation, then show that V¢ is a vector
which is both solenoidal and irrota-
tional.

Answer any one part : 10
(a) (i) Prove
e = =i, =< = = =5 e —>
@xb)-@xd)=@-¢)b-d)-@-dp-2)
(i) If U =wx7, prove that = %curl"ﬁ
where w is a constant vector.
(iii) Using Stokes theorem, evaluate
§?.d?, where
c
ey +x%j—(x+ z)k
and C is the boundary of the
triangle with vertices at (o, 0, 0),
(1, 0, 0) and (1, 1, 0). ¥l
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( 10 )

-3

(b) () Show that any four vectors a, b,
¢ and d satisfy

— —r ey Sl N
[@beld=[pad]a+[2ad]b +[abd]d

£
(ii) Prove that p vector function, f(f) is
of constany direction if and only if

s

J_”) and G are perpendicular to each
dt

other.

(ti)) Evaluate
f 7 -nds
s

where F = 4xzi —y2}+yzfé and S is
the surface of the cube bounded
by x=0, x=1, y=0, y=1, z=0
and z=1. 3+3+4

A K
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